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Abstract
The spectrum of primordial gravitational waves (GWs), especially its tilt nT , carries significant
information about the primordial universe. Combining recent aLIGO and Planck2015+BK14 data,
we find that the current limit is nT = 0.016
+0.614
−0.989 at 95% C.L. We also estimate the impacts of
Einstein Telescope and LISA on constraining nT . Moreover, based on the effective field theory
of cosmological perturbations, we make an attempt to confront some models of early universe
scenarios, which produce blue-tilted GWs spectrum (nT > 0), with the corresponding datasets.
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I. INTRODUCTION
In the recent years, searching for the primordial gravitational waves (GWs) [1, 2] has
invigorated the cosmological community. Since the primordial GWs carry rich information
about the early universe and the UV-complete gravity theory, its detection would deepen
our understanding for the early universe scenario, see Refs.[3–5] for reviews.
The primordial GWs background, described mainly by its tilt nT and the amplitude
AT = rAs at the pivot scale k∗, spans a broad frequency-band, 10−18 − 1010 Hz. The
slow-roll inflation [6, 7] predicts a slightly red-tilted spectrum with nT ≃ −2ǫinf < 0 and
0 < ǫinf ≪ 1. However, nT > 0 is interesting, since it boosts the primordial GWs background
at the frequency-band of laser interferometers (Advanced LIGO/Virgo, as well as the space-
based detectors), e.g.[8, 9].
The primordial GWs at ultra-low frequency 10−18 − 10−16 Hz, or on large scale, may
induce the B-mode polarization in the cosmological microwave background (CMB)[10, 11].
The joint analysis of BICEP2/Keck Array and Planck (BKP) data have put the constraint
on the amplitude of primordial GWs, r0.05 < 0.12 (95% C.L.) [12]. Recently, the combination
of above data and Keck Array’s 95 GHz data have improved the constraint to r0.05 < 0.07
(95% C.L.) [13] (BK14). However, no strong limit was found for the tilt nT , which is because
the CMB band is too narrow to depict the whole property of GWs background[14, 15].
Recently, the LIGO Scientific Collaboration, using ground-based laser interferometer,
has observed a GW signal (GW150914) with a significance in excess of 5.1σ [16], which is
consistent with an event of the binary black hole coalescence based on general relativity
(GR). Advanced LIGO (aLIGO) O1 put an upper limit for the stochastic GWs background
at the frequency band f ≃ 30Hz [17, 18].
The spectrum of primordial GWs is not only determined by the evolution of the back-
ground in early universe scenarios, e.g.[19, 20], but also significantly affected by the mod-
ifications to GR. The Effective Field Theory (EFT) [21–25] of cosmological perturbations
offers a unifying platform to deal with the cosmological perturbations of modified gravity
theories, such as the Horndeski theory [26] and its beyond [27]. The EFT method has also
been used in building healthy nonsingular cosmological models [28, 29]. Different models of
early universe scenarios generally have different predictions for nT . Only when the measure-
ments at different frequency bands are combined, can one put tighter constraint on the tilt
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nT [30–34].
Therefore, it is interesting to perform a joint analysis of recent aLIGO O1 and Planck
2015+BK14 dataset to constrain nT , as well as confront the EFT parameters in correspond-
ing models with the data.
The planned space-based detector LISA will search the GWs signals at the frequency
about 1 mHz [35, 36] collect data in 2030s, and recently LISA Pathfinder has been launched
which paving the way for the LISA mission. While the space-based GWs detection project
also has been approved in China. Moreover, the third generation ground-based detec-
tor, Einstein Telescope (ET) [37], is also being planned, which has higher sensitivity than
aLIGO/VIRGO. Thus it will also be interesting to estimate the capability of LISA and ET
in constraining the tilt nT .
This paper is organized as follows. In Sec.II, combining recent aLIGO and Planck2015
+BK14 data, we provide an updated constraint on the tilt nT of primordial GWs, and also
forecast the impacts of LISA and ET. In Sec.III, based on EFT, we explore how to confront
the models of early universe scenarios, which produce blue-tilted GWs spectrum (nT > 0),
with the corresponding datasets. Sec.IV is the conclusion.
II. METHOD, RESULTS AND FORECASTS
A. Upper limits put by interferometers
Conventionally, one define
ΩGW(k, τ0) =
1
ρc
dρGW
d ln k
=
k2
12a20H
2
0
PT (k)T
2(k, τ0) (1)
to depict the relic GWs background, where ρc = 3H
2
0/
(
8πG
)
is the critical density,
ΩGW (k, τ0) reflects the fraction of ρGW per logarithmic k-interval, and ρGW is the present
energy density of GWs. The primordial GWs spectrum PT (k) is generally
PT (k) = rAs
(
k
k∗
)nT
, (2)
where nT is the tilt of spectrum, and As is the amplitude of primordial scalar perturbations
at the pivot scale k∗. When applying Eq.(2) to fit CMB data, usually one set k∗ = kCMB ∼
0.01Mpc−1. Current constraint put by CMB data is r0.05 < 0.07 (95% C.L.) with k∗ =
3
0.05Mpc−1 [13] (BK14), which corresponds to ΩGW < 10−15 at k ∼ 10−16 Hz. Transfer
function T (k, τ0) is [38–41],
T (k, τ0) =
3Ωmj1(kτ0)
kτ0
√
1.0 + 1.36
k
keq
+ 2.50
( k
keq
)2, (3)
where Ωm = ρm/ρc, see also [42].
Current upper bound put by aLIGO O1 is ΩGW < 10
−7 [17, 18] at the frequency f ≃
30Hz, in which the wavenumber k is related to f by f = k/2πa0. The network of aLIGO
and Virgo detectors operating at their final observing runs O5 will be able to arrive at
ΩGW ∼ 10−9.
B. Combined datasets (interferometers and CMB) and results
The parameters set of the lensed-ΛCDM model is {Ωbh2,Ωch2, 100θMC, τ, ln(1010As), ns},
with the baryon density Ωbh
2, the cold dark matter density Ωch
2, the angular size θMC of the
sound horizon at decoupling, the reionization optical depth τ , the amplitude ln(1010As) and
the tilt ns of the primordial scalar perturbation spectrum. We also include the parameters
r = AT/As and nT , which satisfy (2). We use the pivot scale k∗ = 0.01Mpc
−1.
We will apply the full set of the Planck 2015 likelihood in both temperature and polariza-
tion (referred as PlanckTT, TE, EE+lowTEB). The Planck likelihood [43] combined with
the BICEP/Keck data [13] (BK14) will be used. In all runs, we also include a prior on the
Hubble parameter from the HST [44] and BAO [45–47].
Our analysis of combining CMB and interferometers data will be computed based on
the recent CMB data and the upper limits put by recent aLIGO O1 on stochastic GWs
background ΩGW. In order to perform such analysis, we add a module computing ΩGW into
the CosmoMC [48] and the CAMB [49].
In Table.I, we list our best-fit results for the parameters set of the lensed-ΛCDM model
{Ωbh2,Ωch2, 100θMC, τ, ln(1010As), ns}. We see that considering the aLIGO O1 data does
not significantly alter the results provided by CMB data. Intuitively, this result is because
the GWs only contribute a small fraction of CMB fluctuations r ≪ 1.
However, the constraint on r and nT will be affected importantly, which is plotted in
Fig.1. Only CMB data is used, the posteriors for nT favor a blue tilt. When we consider
the CMB+aLIGO O1 dataset, the upper limit for nT is cut by a big margin, since a large
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All All+ aLIGO All+ LISA All+ET
Ωbh
2 0.022 0.022 0.022 0.022
Ωch
2 0.119 0.119 0.119 0.118
100θMC 1.04 1.04 1.04 1.04
τ 0.08 0.08 0.08 0.09
ln(1010As) 3.12 3.14 3.15 3.15
ns 0.968 0.971 0.968 0.968
TABLE I: Summary of constraints on the cosmological 6-parameters set
{Ωbh2,Ωch2, 100θMC, τ, ln(1010As), ns}. “All” refers to Planck2015, HST, BAO and BK14
data.
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FIG. 1: Marginalized posterior distributions at 68% and 95% C.L. for the parameters r and nT .
“All” refers to Planck2015, HST, BAO and BK14 data.
nT could bring a detectable GWs signal at small scales. The constraint result is presented
in Table.II, in which nT = 0.016
+0.614
−0.989. Here, since k∗ in (2) is set around CMB scale, only
the CMB data is sensitive to the GWs background with nT < 0.
In Ref.[32], Lasky et.al utilized LIGO S5 data collected in 2009-2010, see also [50]. In
Ref.[31], Cabass et.al also performed a combined analysis of Planck2015+BK14 and aLIGO
data. However, the aLIGO sensitivity they used is ΩGW ∼ 10−9 at f = 100 Hz, which only
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serves as a forecast, while the current result of aLIGO O1 is ΩGW ∼ 10−8, see Sec.IIA. Thus
we provide an updated limit on nT by using up-to-date CMB+aLIGO datasets.
C. Forecasts
In a slightly lower frequency-band, i.e. 1mHz, planning space-based detector LISA will
possibly set ΩGW ∼ 10−14 [5, 51]. The sensitivities of LISA’s different configurations are
different. Here, we will use ΩGW < 3.72× 10−13 at f ≃ 3.8× 10−3Hz for our analysis. This
upper limit get from the configuration N2A2M2L6, where N2 presents the best low-frequency
noise level, A2 represents 2 millon kilometers arm length, 2-years duration of observation is
represented by M2, and L6 corresponds to 6 links.
The ET is a proposed ground-based GWs detector, which belongs to the third generation
detector. It is designed to consist of six Michelson interferometers, which form an equilateral
triangle. The arm length will be reached 10 kilometers long. The ET will possibly put the
upper limit for stochastic GWs background to ΩGW < 10
−13 at f ≃ 10Hz [37, 52].
We consider the combinations of the CMB data and the upper limits put by the expected
ET and LISA’s sensitivities. From the Table.I, we see that the expected ET and LISA’s
sensitivities does not significantly alter the cosmological 6-parameters results provided by
CMB data. yet the constraint on r and nT is significantly, The forecast result of CMB+ET
and CMB+LISA are also presented in Table.II, in which nT = −0.050+0.612−0.992, −0.184+0.534−0.877 for
above datasets, respectively. This indicates that the ground- and space-based interferometers
are able to significantly improve the limits on the tilt nT of primordial GWs. In fact, besides
these current ground- and space-based CMB observation, some other measurements can also
give the constraint on nt. In Ref.[53], Liu and Zhao et.al utilized PTA data to show nt upper
limit, if r = 0.01, the optimal gives limit nt < 0.18 .
As far as the forecasts are concerned, in 2020s the sensitivity of aLIGO/Virgo O5 will
arrive at ΩGW ∼ 10−9 [17]. However, it cannot improve the current limit on nT put by
O1 well, and is still weaker than the limit provided by the future LISA, which will oper-
ate in 2030s, since at LISA frequency-band the sensitivity of O5 corresponds to ΩGW =
(kLISA/kaLIGO)
nTΩaLIGOGW ∼ 10−10, which is still smaller than the LISA’s ΩGW ∼ 10−13.
The ET actually may improve the limits on nT slightly better than LISA, since at LISA
frequency-band the sensitivity of ET corresponds to ΩGW = (kLISA/kET )
nTΩETGW ∼ 10−14.
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However, here we only used the sensitivity of LISA’s configuration N2A2M2L6, one among
LISA’s six-link representative configurations [5], for our joint analysis. In all representative
configurations of LISA, N2A5M5L6 (5 millon kilometers arm length and 5-years mission
duration) may have higher sensitivity.
Dataset Parameter
nT 95% limits r 95% limits
All 1.83+2.12−2.07 < 0.07
All+aLIGO 0.016+0.614−0.989 < 0.066
All+LISA −0.050+0.612−0.992 < 0.062
All+ET −0.184+0.534−0.877 < 0.061
TABLE II: Summary of parameter constraints from different datasets. “All” refers to Planck2015,
HST, BAO and BK14 data.
III. THE MODELS CONFRONTED WITH DATA
Generally, the quadratic action of GWs mode γij is
S(2)γ =
∫
d4x
a3QTM
2
p
8
[
γ˙2ij − c2T
(∂kγij)
2
a2
]
, (4)
where QT = f +
2m24
M2p
> 0, and the propagating speed c2T =
f
QT
> 0, see Appendix.A for the
details of f and m4.
The combination of GWs detectors and CMB data could significantly intensify the limit
on nT , as has been illustrated. Thus the combined dataset will put tighter constraint on
the early universe models, which produce blue-tilted GWs spectrum (nT > 0). Below, we
will confront some of corresponding models, which may be mapped into EFT, with the
interferometers and CMB datasets.
A. The inflation with diminishing cT
The inflation is the standard paradigm of the early universe. Based on EFT of inflation,
we found that the diminishment of the propagating speed cT of GWs during inflation will
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lead to a blue-tilted GWs spectrum [8, 9]
nT ≃ p
1 + p
> 0, (5)
where c˙T < 0 and p = −c˙T/(HinfcT ) > 0 is assumed to be constant for simplicity, and the
parameter ǫinf ≪ 1 has been neglected. Recently, it has been proved in [8] that the slow-roll
inflation with the diminishing GWs propagating speed (c˙T < 0) is disformally dual to the
superinflation [54, 55].
The inflation model with massive graviton mgraviton ≃ Hinf can also produce a blue-
tilted GWs spectrum nT ≃ O(1)m
2
graviton
H2
inf
> 0 [56, 57]. In Ref.[5], Bartolo et.al. discussed
the models with constant mgraviton and cT .
We will apply the combination of interferometers and CMB data to put the constraint
on the inflation model with c˙T < 0. The Lagrangian in [8] is (A4) with
f = 1, (6)
c(t) = φ˙2/2, Λ(t) = V (7)
M2, m3, m˜4 = 0, (8)
m24(t) =
(
1
c2T (t)
− 1
)
M2p/2. (9)
The spectrum of primordial GWs is [8]
PT ≃
2H2inf
M2P cTπ
2
(
k
k∗
)nT
, (10)
with nT given by (5), which is blue-tilted, where k∗ = (1 + p)
aHinf
cT
. We have nT ≃ p for
p≪ 1 and nT ≃ 1 for p≫ 1. Since m4 6= m˜4, our Lagrangian belongs to a subset of beyond
Horndeski theory [27].
Here, both the scalar perturbation and the background are unaffected by m4(t), as has
been confirmed in [8]. The background is the slow-roll inflation with 0 < ǫ ≪ 1, which
indicates that the scalar spectrum is flat with a slightly red tilt and is consistent with the
observations.
We require that after the inflation, cT = 1 and GR is recovered. In Fig.2, we see that
the combination of Planck2015+BK14 and aLIGO O1 data gives p = −c˙T/(HinfcT ) . 1.2
at 68% C.L. for r0.01 . 0.01. In light of (9), this suggests in unit of Hubble time
m˙4
Hinfm4
. 1.2 (11)
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at 68% C.L. for 0 < c2T ≪ 1. In the future, LISA and ET will provide stronger limits on m4,
which are m˙4/(Hinfm4) . 0.7 and 0.2, respectively. We also calculate the signal-to-noise
ratio (SNR) of LISA configuration N2A2M2L6 and ET used in Fig.2 with respect to p for
different r0.01, which is plotted in Fig.3.
FIG. 2: Marginalized posterior distributions at 68% and 95% C.L. for the parameters r and p.
“All” refers to Planck2015, HST, BAO and BK14 data.
0 0.2 0.4 0.6 0.8 1
p
0.0001
0.01
1
100
10000
S
N
R
LISA(L6A2M2N2) r
0.01
=0.01
LISA(L6A2M2N2) r
0.01
=0.001
0 0.1 0.2 0.3 0.40.01
1
100
10000
p
SN
R
 
 
ET r0.01=0.01
ET r0.01=0.001
FIG. 3: The SNRs of LISA configuration N2A2M2L6 and ET with respect to p for different r0.01.
The duration of observation of ET is taken as 1 year.
B. The slow expansion with L4
In Galilean Genesis [58, 59] (also slow expansion scenario [60, 61]), the spacetime is flat
Minkowski in infinite past and the universe is slowly expanding,
a ∼ e 1(−t)n ≃ 1 + 1
(−t)n (12)
9
where n > 0 and H ∼ 1
(−t)n+1 rapidly rises, after the slowly expanding phase ends, the
universe reheats and the evolution of hot ‘big-bang’ starts. With the cubic Galielon, it has
been found in [61] that during the slow expansion, the scale-invariant adiabatic perturbation
may be produced for n = 4, see also [62].
The original Genesis scenarios predict a blue-tilted GWs spectrum,
PT ≃ H
2
end
M2p
(
k
kend
)2
, (13)
The case is similar in ekpyrotic scenario [63](different case see[64]). Here, the pivot scale k∗
is actually k∗ = kend, where the subscript ‘end’ corresponds to the quantities at the ending
time of the Genesis phase. Thus at CMB scale kCMB ∼ 0.01Mpc−1,
r0.01 ∼
(
kCMB
kend
)2
≪ 0.001, (14)
is negligibly small, see [65] for a theoretical lower limit. And at aLIGO scale, ΩGW ∼ PT ∼
(kaLIGO
kend
)2 is also far small, unless kaLIGO ≃ kend. Thus the current limit on nT can hardly
put any constraints for the corresponding models.
In Ref.[66], based on the Horndeski theory with L4, it has been found that in Genesis
scenario, the spectrum of primordial GWs may be flat, and even interestingly, it also may be
blue-tilted with k∗ ∼ k0.01 in Eq.(2). Recently, in [67] Nishi and Kobayashi also have found
the similar case in full Horndeski theory [68]. Thus the combination of interferometers and
CMB data may put the corresponding bound for it.
We first briefly review the model proposed in [66]. The Lagrangian is
S =
∫
d4x
√−g
[1
2
e4φ/MX − 1
8M8X
3 − αM4 e6φ/M (15)
+
M2P
2
(
4M8/X2 + 1)R − 8M2PM8
X3
[− (✷φ)2 +∇µ∇νφ∇µ∇νφ] ] ,
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where X = ∇µφ∇µφ. Mapping it into EFT, we have
f(t) = 1 +
4M8
X2
,
c(t) =
1
2
e4φ/MX − 3
8M8X
3 +
8M8M2p
X3
(
15H2X + Y
)
,
Λ(t) = − X
3
4M8 + αM
4 e6φ/M +
8M8M2p
X3
(
9H2X + 6Hφ˙φ¨− Y
)
,
M42 (t) = −
3X3
4M8 −
4M8M2p
X3
(
90H2X + Y
)
,
m33(t) =
16M8M2p
X3
(
10HX + φ˙φ¨
)
,
m24(t) = m˜
2
4(t) =
8M8M2p
X2
, (16)
where Y = 11Hφ˙φ¨+ 2H˙X − φ˙...φ + 5φ¨2.
We have the solution
eφ/M =
(
15
4
)1/4
1
M(t∗ − t) , (17)
φ˙ =
M
(t∗ − t) , (18)
and α = 2
3
√
15
. Thus only one adjustable parameter M is left. The background of slow
expansion is described by
a = a0e
∫
Hdt ≃ a0(1 + 1M6M2P
1
(t∗ − t)8 ) ≃ a0, (19)
where H ∼ 1M6M2
P
(t∗ − t)−9, and the condition of slow expansion is M6M2P (t∗ − t)8 ≫ 1,
which suggests ǫ ≃ −M6M2P (t∗ − t)8 ≪ −1. Thus initially the universe is Minkowski.
WhenM6M2P (t∗ − t)8 ≃ 1, the slowly expanding phase ends. Hereafter, X/M4 ≫ 1, GR is
recovered, and the hot big-bang universe will start.
Since f ∼ m24/M2p ∼M8/X2, we haveQT ∼ (t∗−t)4 and c2T is constant. The GWs horizon
∼ 1/HT is 1/HT ∼ t∗ − t. Thus the spectrum of primordial GWs is [66] PT ≃ ( MMP )1/2.
However, generally we may set QT ∼ (t∗ − t)p, and have
PT ≃
(M
MP
)1/2(
k
k∗
)nT
, (20)
where nT = 4− p, which is blue-tilted for p < 4.
Here, the adiabatic scalar perturbation is strong blue-tilted, Ps ≃ MMP ( kk∗ )12/5 and the
primordial density perturbation responsible for the observations may be induced by the
perturbation of a light scalar field, see [69] for a review, which is insensitive to QT .
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In Fig.4, we see that the combination of Planck2015+BK14 and aLIGO O1 data gives
3.4 . p =
d lnQT
d lnHT
. 4.6 (21)
at 68% C.L. for r0.01 . 0.01. Thus we could have r0.01 ≃ 0.01 − 0.001 at CMB scale,
which is detectable for the ongoing CMB B-mode polarization experiments. Here, since
QT ∼ f ∼ m4, we have p = d ln fd lnHT = d lnm4d lnHT . In the future, LISA and ET will put stronger
bounds, which are 3.6 . p . 4.6 and 3.7 . p . 4.6, respectively.
FIG. 4: Marginalized posterior distributions at 68% and 95% C.L. for the parameters r and p.
“All” refers to Planck2015, HST, BAO and BK14 data.
IV. CONCLUSION
The spectrum of primordial GWs, especially nT , carries significant information about the
primordial universe. Though the primordial GWs remains undetected, combining data at
different frequency-bands is able to put tighter constraint on nT than the CMB alone, which
helps to deepen our understanding for the origin of the universe.
We perform a combination of Planck2015+BK14 data and the upper limit put by recent
aLIGO on stochastic GWs background, as well as the expected ET and space-based LISA
sensetivities. Assuming the spectrum of primordial GWs is described by (2) with k∗ =
0.01Mpc−1, we find that with recent CMB+aLIGO O1 dataset, the current limit is r0.01 <
0.066 and nT = 0.016
+0.614
−0.989 at 95% C.L., and also for forecasts, we find that r0.01 < 0.062
and nT = −0.050+0.612−0.992 for the CMB+LISA set, and r0.01 < 0.061, nT = −0.184+0.534−0.877 for the
CMB+ET set. Thus at present the CMB+aLIGO O1 dataset has significantly improved the
limit on nT , and it is expected that in the future LISA and ET would make limits tighter.
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We also explore how to confront the models of early universe scenarios, which produce
blue-tilted GWs spectrum, with the corresponding data. We apply the combined analysis of
interferometers and CMB data to some early universe models, which may be mapped into
EFT. In particular, for the inflation model with diminishing cT , we find that the current
limit is m˙4/(Hinfm4) . 1.2 at 68% C.L. for r0.01 . 0.01 and 0 < c
2
T ≪ 1. In the future, LISA
and ET could put stronger limits on m4, which are m˙4/(Hinfm4) . 0.8 and 0.3, respectively.
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Appendix A: EFT and tensor perturbation
With the ADM line element, we have
gµν =

 NkNk −N2 Nj
Ni hij

 , gµν =

 −N−2 NjN2
N i
N2
hij − N iNj
N2

 , (A1)
and
√−g = N√h, where Ni = hijN j . We can define the unit one-form tangent vector nν =
n0(dt/dx
µ) = (−N, 0, 0, 0) and nν = gµνnµ = (1/N,−N i/N), which satisfies nµnµ = −1.
The induced 3-dimensional metric on the hypersurface is Hµν = gµν + nµnν , thus
Hµν =

 NkNk Nj
Ni hij

 , Hµν =

 0 0
0 hij

 . (A2)
The Ricci scalar is decomposed as
R = R(3) −K2 +KµνKµν + 2∇µ(Knµ − nν∇νnµ) . (A3)
where R(3) is the induced 3-dimensional Ricci scalar associated with Hµν , and the extrinsic
curvature Kµν on the hypersurface is Kµν ≡ 12LnHµν and Ln is the Lie derivative with
respective to nµ.
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Without higher-order spatial derivatives, the EFT of cosmological perturbation reads
[24, 25]
S =
∫
d4x
√−g
[M2p
2
f(t)R− Λ(t)− c(t)g00
+
M42 (t)
2
(δg00)2 − m
3
3(t)
2
δKδg00 −m24(t)
(
δK2 − δKµνδKµν
)
+
m˜24(t)
2
R(3)δg00
]
+ Sm[gµν , ψm] , (A4)
where δg00 = g00+1, δKµν = Kµν−HµνH , δKµν = Kµν−HµνH , and δK = δKµµ = Kµµ−3H .
The coefficients (f, c,Λ,M2, m3, m4, m˜4) specify the corresponding theories. A particular
subset (m4 = m˜4) of EFT (A4) is the Horndeski theory [26]. Sm[gµν , ψm] is the matter part,
which is minimally coupled to the metric gµν .
In the unitary gauge, we set
hij = a
2e2ζ(eγ)ij, γii = 0 = ∂iγij . (A5)
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